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Abstract. The differentiation of tensors in spherical coordinates is analysed for two distinct
cases: when the result is a tensor of a rank higher, or lower, than the spherical tensor
subjected to differentiation. General analytical expressions are obtained leading to
equations applicable to particular problems of the theory of light scattering and absorption.

The relationships obtained are used for defining spherical tensors of polarisability a,;,

hyperpolarisability B;; and dipole-quadrupole polarisability A, ;, for isolated molecules
as well as the tensor of interaction-induced polarisability of a molecular sample taking
into account intermolecular interactions in the approximation of the dipole-induced dipole
(D1D) model.

1. Introduction

Certain tensorial quantities, for example the directional force of an oscillator, the stress
tensor, electric multipole moments, the polarisabilities of molecules, etc, are defined
in cartesian space by the use of derivatives of the appropriate tensors with respect to
the others (Kielich 1981, Applequist 1984). The tensors thus defined are then trans-
formed directly or by the step-by-step coupling method to a system of spherical
coordinates (Coope 1970, Stone 1975, 1976, Normand and Raynal 1982). Often, the
tensor obtained by differentiation in cartesian coordinates is of a structure so highly
complicated as to render its transformation to spherical coordinates extremely tedious.
It is then more convenient to transform the tensor prior to differentiation (its structure
is then quite simple) into spherical coordinates first and then to perform the operation
of differentiation in spherical coordinates.

In the present paper, we shall be dealing with the differentiation of spherical tensors.
In § 3 we analyse the problem of differentiating a spherical tensor as the result of
which one obtains a tensor of a rank higher than that of the initial tensor. This is the
case, for example, when it comes to determine a generalised electric multipole polarisa-
bility. With this aim, we apply the expression proposed by Kielich (1965a, b, 1966)
for the induced molecular multipole moment of order n:
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826 M KaZmierczak

where E'" is the amplitude of the n;- fold gradient of the external electric field strength
and {n,+...+n,) stands for (n,+...+ n,)-fold contraction. The polarisability tensor
of rank (n+n,+...+n,) is obtained on performing the following operation of
differentiation (Applequist 1984):

a("+"l+“‘+"1) =alm{n)/aE(nl} . 6E{"’).

We shall be having recourse to particular cases of these two equations in the course
of the present study.

In § 4, we consider the case when the spherical tensor corresponds to a cartesian
polyade (affinor) and is to be differentiated with respect to one of the elements of the
polyade. One then arrives at a spherical tensor of a rank lower than that of the tensor
subjected to differentiation. This is the situation we deal with when differentiating a
polyade of the nth rank A" =A"" . n times ... A" formed from the vector A'"
with respect to an arbitrary component of the latter.

Section 5 is devoted to the determination of spherical tensors of molecular polarisa-
bility by the technique of differentiation in a system of spherical coordinates. Qur
calculations lead to the dipolar polarisability tensor for an isolated molecule and to
the tensor of interaction-induced polarisability in the pID approximation. Moreover,
arelation is established between the spherical hyperpolarisability tensor and the second
derivative of the dipole moment of the molecule with respect to variations of the
external electric field. The last example of the application of the formulae derived in
this work is related to the determination of the spherical tensor of dipole-quadrupole
molecular polarisability, where we have drawn attention to the problem of symmetrisa-
tion of the tensors obtained as the result of differentiation.

2. The fundamental equations

Let us consider a system of reference defined by the components ¢; (i =x, y, z) of the
unit vector e. We use these components to construct a circular system C determined
by the unit vector e''’ with the following components, in the phase convention of Fano
and Racah (1959)

e‘_,c‘,)—$—(ex:t1e ) elV =1ie,. (1)

5

These components (1) form the self-conjugate and normalised basis of the circular
system

ell)e[l]_aaﬁ (2)

where e!') is a vector of the contravariant basis (Varshalovich et al 1975, Ozgo 1975).

The inner product of the first kind (scalar product) of two vectors 4 and B defined
in the system C is

U A B= ZA(I)B[I]_Z( l)a-HA(l)B(l) (3)
This product, being invariant with respect to transformations from one system of

reference to another, can serve as a method of determining the shape of tensors in a
selected system.
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We now proceed to calculate the scalar product of the cartesian tensor A, _; , which
transforms according to the three-dimensional group of rotations, with the unit vector
in n-dimensional space

U= A, H €, = Z H A(l) [1]_- [1] (4)
j=1 ayja@, i=1

where we had recourse n times to the relation (3) and took into account that A, ; =

A, A, . Equation (4) contains the n-fold irreducible tensorial product I1 A (couplmg

of tensors) which, for two spherical tensors of the ranks k and /, is defined as follows

(Varshalovich et al 1975):

. I n
C(ukln) (A(k)®8(l) (n) _ Z ( l)k ! v[ ]( _V> A(Ak)B(“[). (50)
On inversion of (5a), we obtain
(k) () k—l+v k 1 n (k) (hy(n)
APBY =T ) (e B (5b)

The subscript A(u) labels the (2k+1) components of the tensor A’ (the (2/+1)
components of B"), whereas [ab...f]1=[(2a+1)(2b+1)...(2f+1)]"?and (} . J
is a 3j coefficient.

In conformity with the principle of tensor coupling, (5b) yields

n 1 d;

1A= % H (=%~ ‘*"M[dﬂl( ) A (6)
i=1 dy..d, i= Vi Qi TVin

Thus, the spherical tensor A'“1~%’ of rank d, has arisen as the result of (n—1) vector

couplings within the nth rank polyade:

Al ‘“—®A‘” @)

where v, =2 a;. We use the product of basis vectors of (4) to construct an irreducible
basis of nth order in accordance with (5q, b):

edd)= Y el H (-1)%" '+"'+‘[d+|]( ! d,~+|> ey . (8)

az...a, i Qv T Vs

Yro Vet
The successive steps of coupling, leading to the tensor A (or e) in accordance with
(7), as determined by d,, ..., d,_,, have been written out so as to distinguish different
spherical tensors with the same d,. This was necessary, since knowledge of the
transformational properties of a tensor is still insufficient for disclosing the coupling
sequence from which it has arisen. It will be remembered that tensors with the same
d, transform identically (Ozgo 1975).

In the preceding formulae, d, =1 and v, = a,. With the basis thus determined, we

rewrite (4) and (7) in the form

= Z ZA(V‘:' ) gl (9a)

A(d d)_An (d d} (9b)
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The basis (8), with respect to (2), is also self-conjugate and normalised in n-dimensional
tensorial space:

(l d )y [d:. ‘1 _—
el el = 8y i 844,80, (10)

We shall henceforth be dealing with tensors of the type (9b) without entering into
the problem of their decomposition into irreducible tensors, or into problems concern-
ing their symmetricity.

3. Differentiation of a spherical tensor A with respect to an unlike tensor B

Let us now consider a cartesian tensor of rank (m+ n) obtained by differentiation of
a component of an nth rank tensor with respect to another tensor of rank m:

L., .. =0A: /3B, , . (11)

The above operation enables us to gain information concerning the inner structure of
the tensor A, i.e. to determine the presence of the tensor B in it and to elucidate how
B is connected with the other tensors which, jointly with B, form the tensor A. However,
differentiation is unable to lead to a decision concerning the nature of the internal
connections between the tensors contained in the tensor L. This signifies that, for
example, contraction

!
Lil---im~~-lm L‘l infyeedmky .»k/Ckl---kl

cannot be detected usiny (11) alone.

Applying (4) and (6), we transform the left-hand side of (11) to a system of spherical
coordinates. This leads to

n
iy H e's

s=l t

3 k; 1 k;
- T3 e T ek (§
KioKygm g.“.g,. i=1 g Qi TOi4
1=Pm

L&+m"

‘,‘_—]s

eJl

1

mt kivn 1 kisn
X H (_l)k’+”_]+a’*”*l[kj+n+l]( Vj+ N+ +l>
j=0

Oien  —Bjv1 —Ojipn
X Loyt foen! H N H e, (12)

In (12), the basis tensor used in order to represent L in irreducible form has been
written as the product of the two bases I1" ¢, and II"™ ¢;. This was feasible because the
space in which the tensors of the nth and mth rank have been defined is in no direct
relationship with the coupling of these tensors. That is to say, coupling does not affect
the succession in which the two tensors act (Biedenharn and Louck 1981).

We transform the right-hand side of (11) to spherical coordinates by forming the

inner product and step-by-step coupling (cf (7)) of the spherical vectors obtained. We
obtain

1

n m
Upsm= ?‘—‘ [Te. ITe
s=1 t=1

Jverdm

Q.:

=9 A'l in ﬁ )[a< Jtecdm ﬁ ej,)]_ ﬁ (e.lreh) (130)

s=1

]
—_-
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On contraction of the tensors A and B in the right-hand term of (13a) using (4) (which

leads to the emergence of scalar expressions in the derivative) and making use of (2),
we obtain

U, = Z Z H( l)l 1+/\+l[1,+l]( | 1 li+1>

Iy €16y i= Yis1 _)‘i‘”
Vi '>'
" m
s(aw fLen) fie ( L T s,

c=1 =1 \dy..d,,

-1
X(dj 1 dM) aBLd,...d,,,)) ‘ (13b)
Vi &4y TVin !

On combining (12) and (13b) and on elimination of the m-dimensional bases by means
of (2), we arrive at

m~—1
I | O Ly

Kk eom
k; 1 k;
j+n jtn+l (kyook, ) Lk k]
X ( Lo 1+ + etf,l

Givn  —Bijst —Tnn

m—1
= Z aAﬁ)‘l,l’,..l”)eE\I,l’.,.l”]( 2 ]:-I (—l)d"_‘.rvi"[d]q.l]
dydy, j=1

Lol

-1
x(d’ 1 dj+1) aB(y:l..Adw) (14)

v Biai — Vi

where the presence of the n-dimensional contravariant bases is due to our having
applied the rule (8) to the n-fold products in (12) and (13b). Obviously, these bases
can be eliminated from (14) by having recourse to the fact that they are normalised
inthe meaning of (10). On carrying out the above we immediately obtain the differential
of the tensor A in the following form:

m-=1 m-—1

aAg("“k")= Z ( l)m B H H d+kj+n+”|‘+|+ai¢n+1
§ nttKnam i=1 j=
dy..dy
d 1 d«H)
X [dis ik ' !
[ J+"+]] (Vi Biv1 —¥is
% ( kj+n 1 kj+n+l> L(k +“)aB(d|...dm) (15a)
\‘Tj‘Frl _ﬁj+l _a-j-f-n-#l Tp+m ¥
On summation over B8,,..., 8., we have
aA(k].uk”) = z (_l)m+u”[k ](kn dm kn+m)
Ty n+
Kot toeKpr, " n " Vm T Opim
dy.d,
ko k
x 1 1+d+k, . d k { i+l n+i+1 n}
H ( ) [ i+1 n+|:| k"+' d,- 1

Ll henloB (1sb)
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where we have applied the well known relation (Varshalovich et al 1975)

_ya+thte—(a+pry) | @ d b)(b € C)(C f a)
a;(l) <a6—/3 B e —v/\y ¢ -a

=(—g - —i){j . i} (16)

The symbol {5 > ;} denotes the 6j coefficient. With regard to the fact that, by (9b),
we have

§B ) = g Bmetdid,)

V” V‘l

the orthogonality condition (10) valid for different bases e'“~“»’ enables us to write

the spherical tensor counterpart of (11) in the following form:

aA(kl...k”) (k | k . )
T, - —1)m+e, n m n+m
aBi\’rlanI"') kn+l;kn+m ( ) [k""'"'] On —’\m “On+m
m=1 I kn i
x [1 (—1)‘*’«*k"*'+l[li+lk"+i]{k" } Lo (17)
i=1 1 k,.,+,‘ l,- h

On the other hand, the tensor L can be regarded as the product of two tensors a;, ;,
and b, ;. In fact, the analytical structure of the right-hand side of (17) resembles
that of the spherical tensor representation of the outer product of these two tensors
(Stone 1976). Itis of essential importance that the tensor L—a result of differentiation—
permits the unequivocal decision as to which of the tensors A with the same k, was
subjected to differentiation (L is dependent on k, ... k,_,). Itis not possible, however,
to obtain equally precise information for the tensor B. It should be noted that the
tensor L'**:+n) obtained in (17), has the type of symmetry resulting from the coupling
scheme (7).

Especially simple is the result of differentiation of the tensor A with respect to

variations of the vectorial field (m =1). Here, by (17), we obtain
aA(k""k } ( 1 k
) 1 1+o, kn n+1> L(k k, ) 18
aBﬁ\ll) kgl ( ) [ +1] "'/\1 —0pay Tty ( a)
whence, by inversion of the above equation,
k, 1 Koo\ 9A K
LLI: _1 1+o, k,, ( n n+l) Oy . 18b
mher= B () T (1sh)

We note that the above results permit multiple differentiation of the tensor A with
respect to variations of one or several tensorial fields. In particular, it results from
(18a) that

2 (ky..k,)
FAK- k 1 k
) _1 @ +a kn kn ( n n+l>
aB‘” aB(” k,.+§,.+z( ) Ckncifna] T, —Ay —Op4y
9 (k,,+| 1 kn+2) L(okl;:k’ﬁ:). (19)
Tpe1 —A; —On+2 "

4. Differentiation of a tensor, arising from the coupling of » identical vectors, with
respect to one of the vectors

In the preceding section, we discussed the case of differentiation of a tensor of rank
n with respect to a tensor of rank m, when the result of the operation of differentiation
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had to be written in a basis of the order n+ m. We shall now consider a tensor of the
rank n constructed from components of a vector A'" in conformity with the rule of
coupling (6). The latter leads to

. ki 1 k;
A((r’:r”l\”): Z H l)k'_l+‘,'*l[ki+1]( +1
Lay, = O; Qi — 0+

ay.. (r,

) ALAL. (20)

Let us have a look at the derivative of the tensor (20) taken with respect to an arbitrary
component of A''’. We obtain

dAGH) 1 (1
8/;(” = Z N(a)‘a + A} )aA 1)) H Ay (21)
A aj..a,

where we have introduced the following notation:
N = H (_l)k,—l+o,ﬁ[ki+]]( +1>‘
i=1 Ty Qi1 — 0
In deriving (21), we have made use of the relation
AV 3A = 6,,4. (22)
The latter results immediately from (18a) since differentiation of a vector with respect
to itself leads to an irreducible spherical tensor of rank 0.

The operation of differentiation in the right-hand term of (21) can be rewritten as
follows by having recourse to (22):

(” H A(l) Z aaA HA(I) H A(l) (23)
,\ i=

i k=i+1

whence, by (6),

i=2

A(” H Am Z 29 I (_1)1’_I+A’+'[1j+1]

Lodyog j=1

J Lo\ et
x( ’ ! IH) [T (==L ]
/\j aﬂ.l _Aj+1 k=i+1
e 1 by )
X A=), 24
(Ak—z ar —Ai A ( )

On insertion of (24) into (21) and on carrying out the necessary summations in
accordance with formula (16), we finally obtain

Ag-k +o, - ky

a,c{‘” = (=) [k] z (A N ! _a)r(k,... o)A (25)
A n—t n

where

Tlkyoo kody oo L2y)
n=2 IS ki,
=(-1)" I1 (‘Uk’”ﬂ”'[kiﬂliﬂ]{ - 2}
i=1 v ki

2 I_+ . i
+ 2 IT (=D kil ﬂ]{ i 2} [T &, (26)
= Y+ 'j m=
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For n=1 we have I'(k,l;) =1, and differentiation of (25) gives a result which is in
agreement with (22). We see from (25) that the expression of the result of a differenti-
ation like this does not involve a basis of an order higher than the basis employed
when constructing the tensor A'*~*’. Differentiation of the type (25) will lead to a
reduction of the order of the basis.

From (25), it results that

aA(lkzi
3AY
The preceding result (27) enables us to draw the significant conclusion that differenti-

ation of an antisymmetric tensor of the second rank gives zero. Obviously, twofold
differentiation of such a tensor gives the same. From (25), we obtain for n =3 that

= (~1)"[k)(1+ (= D)%) (1 : kz) AL, (27)

A g, — 0>

JATKHY ek, . (1 l k3>
2 =V (=1) R+ 2)[ ko ksl
6A(A” ’Z: ) ( ) )[ 2 32] A o -0
o A VYR e ST g P (28)
1 1 kz T3 "0'3

If the tensor of rank 3 is antisymmetric in two indices (i.e. k, =1), differentiation of
the type (28) gives
ALK
dAy

= (=15 [k;] (1 : "3) A7) (29)
A 0o, -0
and we obtain an antisymmetric tensor corresponding to a cartesian tensor of rank 2.
The preceding discussion shows that differentiation of antisymmetric tensors as
well as differentiation with respect to antisymmetric tensors has to be performed very
cautiously. Thus, for example, the result of differentiation of an arbitrary tensor with
respect to an antisymmetric tensor of the second rank is indeterminate.

5. Applications

5.1. The polarisability tensor of rank 2 of an isolated molecule

We shall now apply the differential formulae derived above to the definition of some
well known currently used tensorial quantities. Let us consider (18b) for n=1,
assuming the tensor A to stand for the dipole moment m induced in a molecule and
B to represent the vector of the electric field E interacting with the molecule. Accord-
ingly

1 1 k,\ am}}
L= )"k ( ) 2y
2 (rg‘( 1) [ 2] o, _/\( _ aE(]) (300)

We write the components of the spherical vector of the dipole moment as follows
(KaZimierczak 1985):
1
0y~ “DMMa"® EM)Y
m \/52’:( )'[11(a"®E"'") (31)
with @' the spherical tensor of linear (second-rank) molecular polarisability. On
inserting (31) into (30a) and applying (25) with n =1, or (22), we obtain
L*'=a"g,,. (30b)
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Thus, the polarisability tensor a is defined as follows in spherical coordinates:

1 k,\ oam.’
(l\ Y 1+, k ( ) Ty 32
rrIZ;I( 1) (k] o1 —A —ay) B (32)

corresponding to a,; =dm,/dE, in cartesian coordinates (Kielich 1981).

5.2. The tensor of interaction-induced polarisability of order 2 in the pID approximation

Equation (32) allows us to determine the spherical tensor of interaction-induced
polarisability of order 2 if the dipole moment m is induced as the result of interactions
between the molecules. In accordance with (32), we write the tensor in question, for
a molecular sample interacting as a whole with the external field of strength E, as
follows:

N 11 ki\ a'ML)
H(k -1 I+a, k. ( ) oy 33
T (O | GRS v (33)
where summation over ‘i’ extends over all N molecules of the sample and the induced
dipole moment is expressed by

iM(ll:%lz(_l)ll[ll](ialll)@)iF(l))(]). (34)

Above, 'F is the vector of the molecular electric field produced at the centre of the ith
molecule by the dipole moments induced in the other ( N — 1) molecules of the sample
{Kielich 1981):

§\/2 N '
1F(|): _<__> Z (T(Z)(rii)®jm(1))(l) (35)
3 Iy
where T(r,) is the tensor of dipole-dipole interaction dependent on the distance r,
separating the molecules. In the lowest order of approximation of dipole-induced
dipole (pID) interaction, the dipole moment ‘m'"’ is given by (31).

Now, considering the form of the dipole moment (34), we have by (33) (see
appendix):

Lk

ATT% ZZ (—-1)* kl]{ 1‘ 12}(' gLty (36a)
o kol

where ‘L is the tensor we get by differentiation of the molecular field vector 'F with

respect to variations of the electric field E. With regard to (35) as well as (A7) and

(30b), we obtain (Kazmierczak 1982):

, 2k, 2 ,

=—/3 Z Y (=DM [L] { ) }(T‘ r)®@'a) k) (37)
&y

Finally, on insertion of (37) into (36a), the interaction-induced polarisability tensor

of second rank of the molecular sample in the lowest order of the DID approximation

takes the following form (Kazmierczak and Bancewicz 1984, De Santis and Sampoli

1984):

o) = _ /3 < k vk L ke Kk
AT =—-V5 3 ¥ (=1)""[k L]
ij 1Lk, 1 1 1

(i#))

2 L k| > j NT
x{l 12 11}('a”"®(T‘“’(r.y)®la”3’)“"))”‘2)- (365)
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The result (36b), in cartesian coordinates, corresponds to the earlier formula (Kielich
and Wozniak 1974, Kielich 1981):

N
All=- ) 'a-T(r,)'a
(i)

Hitherto, in papers dealing with the tensor AIl, its spherical representation has
been derived by direct transformation of the preceding formula to a system of spherical
coordinates.

5.3. The third rank tensor of polarisability (hyperpolarisability) of an isolated molecule

The spherical tensor of the electric dipole moment, induced in an isolated molecule
in the process of two-photon polarisation, can be expressed by the equation (Ozgo
1975):

M“)=%Z[l](B(b")®E(b))“) (38)
b

to which there corresponds the following expression in cartesian coordinates (Kielich
1980):

M =3B EE.

In (38) B'*" is the non-symmetrised spherical tensor of molecular hyperpolarisability,
and E'® corresponds to the dyad EE composed of the vector of the external electric
field with which the molecule is at interaction. Assuming the tensor to be symmetric
(b#1), we have by (38)

a2M(l)

I b 1 1 1 b
- T —1)!bte+Brp; ( )( )B(b.l)
aEE\IZ) aE(AII) l;ﬁ( ) [bl] A B —a)\A, A, -B A (39a)

where we have made use of the relations (22) and (27). At the same time, from (19),
we find that

MY <1 1 k2> (k2 1 k3)
— == L (~DMNkok L3,
aEf\lz)aE(All) k§<;( Silkak] @ —Ay =0/ \oy —Ay —Oy o (396)
On combining (39a) and (39b) and on summation over the 3j coefficients, applying
(16) and the orthogonality relation for these coefficients, we obtain

1 k, k
B(bk3)=2(_1)k2+h+‘[k2b]{ 2 3} L(ksz) (40a)
& 1 b 1

whence we arrive directly at the definition of the hyperpolarisability tensor B'**’ by
way of the second derivative of the dipole moment (38) on replacing L'*:* by the
expression obtained on inversion of (39b):

- 1 b k 1 1 b PR VA
e (R RO
T PRI Yy X2 —BJOEV GE\ (406)

It is easy to check that the preceding result is identical with that obtained by inversion
of (39a).
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5.4. The dipole-quadrupole polarisability of a molecule

The preceding examples illustrate different applications of the formula (17) for m = 1.
Here, we shall deal with the problem of differentiation with respect to a tensor of rank
2 (m=2). To this aim, we consider the tensor of dipole-quadrupole molecular
polarisability A, ; used for the description of the mechanism of induction of a molecular
dipole moment by the gradient of an external electric field, as well as the induction
of a quadrupole moment (Tabisz 1979):

m; = %Ai,jijEk (41)
Qij = Aij.kEk- (42)

To establish the relationship between A and dm/3(VE), it suffices to put n=1 and
m=21in (17). We immediately obtain
(1)

om, K+ ( 1 l ks) {1 h ks} (1k,k,)
1 [Lkyk Ay 43
TR G| GRS § P Pt (43)
Equation (43) gives the tensor A''*2*>), albeit in non-symmetrised form. It is composed
in accordance with the rule (7), i.e. according to the scheme

(1kyky) _ (n TINES (k).
A [(A'®A )Y R4

Thus, the above scheme corresponds to the construction of the tensor A, of (42) and
its relation to dQ/9E can be obtained directly from (18a). On the other hand, from
the form in which (41) is expressed, it results that the tensor A, ;. has to be coupled
according to the scheme

AR 2 [ AV @ (AN @A) KR,

Thus, we come upon the problem of symmetrisation of the tensors obtained by way
of differentiation. In the present example, we no more than state the problem.

The relation between the preceding coupling schemes is the following (Biedenharn
and Louck 1981, Varshalovich et al 1975):

1 k ,
Ak = 1+k, k { 2} AlTkiky) 4
(-1) ;[ 2k3] 1k Kk (44)
On insertion of (44) into (43) and on summation over k, we obtain
omit ( 1L,k
Ty 1 _1 t+o, k 2 3) (1,ky)
a(VE)(II ) =3 & ( ) [ 3] o, _AQ ~0, A(r3 (45)
whence, on inversion of the equation, we obtain
l k om'Y
Airllsz) ] L+e, k < 2 3) o .
R VTR, L o) e 146)

The spherical tensor A''”*’ thus obtained now possesses the required symmetry in
accordance with the symmetry of the cartesian tensor A, ;.
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Appendix

The following tensorial product
A(HZ(C(I)®D(H)(IJ (Al)

is to be differentiated with respect to a tensor B'"’. In (A1) let D'" alone be a function
of B'V. With regard to (5a), we obtain

dAL’ I 1 oDy
aB(BH:\/gé(_l)l ! (‘y 6 _a> C(y”aB(:l)- (AZ)

On applying (18a) with n = 1 to the derivative in the right-hand term of (A2), we obtain

aA(a” + ! 1 1 1 1 k
9B 3k25(_1)l y[k]<7 8 —a) (3 -B —0'> CULY.  (A3)
B Y

On applying the following formula (Varshalovich et al 1975):

e fa b e\fe d ¢
Z(—l) (a B —6><s 8 7)

v qwmeropaf@ ¢ n\(n d b){b d n}

_nZV:( D" inl (a v —v)(v 8 B/ lc a e (Ad)
we reduce (A3) to the form
aA(a])__ I+h+l+a (1 1 h) {k ! h} () (k)\(h)
aB(B”_\/gé( ) I\, g )l 1 1) (B (AS)

On multiplying both terms of (A5) by the coefficient

( 1 1 r)
a —-B -p
and on summation over « and 83, (A5) becomes

ea 1 1 h\ sA,’ I k
[h]gs(—l) (a B _X)BBE,)—\/?Z;( 1) [k]{1

I h

, 1}(C(1)®L(kj);h)

(A6)

whence, taking into account that the left-hand term of (A6) is equal to L\’ (cf equation
(18b)), we finally obtain

I h

hy _ _q\I+h k
) S ITT

}(C(“®L[k))(h]. (A7)
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